In this work, Chebyshev orthogonal polynomials are employed as basis functions in a collocation scheme to solve the nonlinear Painlevé initial value problems known as the first and second Painlevé equations. Using the collocation points, representing the solution and its fractional derivative (in the Caputo sense) in matrix forms, and the matrix operations, the proposed technique transforms a solution of the initial-value problem for the Painlevé equations into a system of nonlinear algebraic equations. To get ride of nonlinearlity, the technique of quasi-linearization is also applied, which converts the equations into a sequence of linear algebraic equations. The accuracy and efficiency of the presented methods are investigated by some test examples and a comparison has been made with some existing available numerical schemes.
Introduction
The fractional Painlevé models can be obtained by using the fractional derivative operator on the classical Painlevé equations. Historically, the origin of the Painlevé equations traced back to more than one century ago [18] . Indeed, Painlevé equations are nonlinear second-order ordinary differential equations that satisfy the so-called Painlevé properties (the general solutions are free from movable branch points) and their solutions known as Painlevé transcendents. Painlevé equations appear in many of important physical applications. Among others, we emphasize as a model for describing the electric field in a semiconductor [14] , quantum gravity [9] , and random matrix theory [26] . Furthermore, the exact solutions to many nonlinear partial differential equations such as Korteweg-de Vries (KdV), cylindrical KdV and Bussiness equations can be written in terms of Painlevé transcendent [1, 25] . The mathematical theory of some of the classical Painlevé differential equations along with some applications are considered in [5, 10, 15] .
In the current study, we consider the fractional-order Painlevé models of the forms 
,
where µ 1 , µ 2 , and γ 0 , γ 2 are real constants. Here, D (ν) is the standard Caputo fractional derivative operator and 1 < ν ≤ 2. There has been significant interest in developing analytical, approximative as well as numerical schemes for the solution of the classical and fractional Painlevé differential equations (1)- (2) . The most significat analytical schemes include Adomian's decomposition (ADM) and homotopy perturbation methods (HPM) [7] , variational iteration method (VIM) and HPM [12] , homotopy analysis method [8, 11] , sinc collocation method and VIM [23] , optimal homotopy asymptotic method [16] , to name but a few. On the other hand, numerical techniques such as Chebyshev series [6, 13] , computational intelligence technique based on neural networks and particle swarm optimization [21, 22] , and reproducing kernel Hilbert space algorithms [3] have been developed in the past to solve the nonlinear equation (1)- (2) .
In this note, we take a further step towards proposing approximation methods for solving (1)- (2) . As a generalization, we consider the following form ( ) 3 2 0 1 2 3 0 1 ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ), 0 1, (0) , (0) ,
which describes completely the first and second Painlevé equations. We use the shifted Chebyshev polynomials to get an approximate solution of (3) accurately. The main idea of the proposed technique based on using these (orthogonal) functions along with collocation points is that it converts the differential or integral operator involved in (3) to an algebraic form, thus greatly reducing the computational effort. As an efficient version of the previous scheme, we develop Chebyshev-QLM algorithm as a combination of the Chebyshev collocation scheme and quasi-linearization technique. In the latter method, we solve (1) and (2) as a sequence of linear equations via the Chebyshev collocation scheme rather than one single nonlinear equation. The rest of this paper is organized as follows. In Section 2, some definitions and mathematical preliminaries of fractional calculus are presented. Hence, a brief review of the properties of the (shifted) Chebeyshev polynomials is outlined. Sections 3 is devoted to the presentation of the proposed collocation scheme applied to nonlinear initial value problem (3). The error analysis technique based on the residual function is also developed for the present method. The technique of quasi-linearization is briefly described for the model problems in Section 4. In computational Section 5, we apply the proposed methods to some test problems and report our numerical findings. We end the paper with few concluding remarks in Section 6.
Basic definitions
In this section, first some properties of the fractional calculus theory is presented. Hence, the definition of (shifted) Chebyshev polynomials and some of their properties are mentioned.
Fractional calculus
The properties of the operator D (ν) can be found in [20] . We make use of the followings
where ⋅     and ⋅     denote the ceiling and floor functions respectively.
Chebyshev functions
It is known that the classical Chebyshev polynomials are defined on [-1,1] . Starting with T 0 (z) = 1 and T 1 (z) = 1, these polynomials satisfy the following recurrence relation [2] T n + 1 (z) = 2z T n (z) -T n -1 (z), n = 1, 2, ....
, for and or and ( 1 )
By introducing the change of variable z =1-2t/R one obtains the shifted version of the polynomials defined on [0, R] and will be denoted by
The explicit analytical form of ( ) n T t  of degree n is given for n = 0, 1, . . .
with c 0,k =1 for all k = 0; 1,. . . , n. It is proved that the set of fractional polynomial functions 0 
is orthogonal on [0, R] with respect to the weight function
Here, δ mn is Kronecker delta function, d 0 = 2 while d n = 1 for n ≥ 1. Our aim is to find an approximate solution of model (3) expressed in the truncated Chebyshev series form (12) 
where the unknown coeffiients a n , n =0, 1, . . . , N are sought. To proceed, we write ( )
here, a superscript t denotes the matrix transpose operation and
The (N + 1) × (N + 1) matrix D takes the form
By means of (9) one can write the relation (8) in the matrix form
where the vector of unknown is A = [a 0 a 1 .... a N ] t . Finally, to obtain a solution in the form (10) of the problem (3) on the interval 0 ＜ t ≤ R, we will use the spectral collocation points defined by
where x i are the zeros of the usual Chebyshev polynomials of degree N +1 on (-1, 1).
The method of solution
We are aiming to approximate the solution Y(t) of the nonlinear Painlevé equation (3) in terms of Chebyshev polynomials series denoted by Y N (t) on the interval [0, R]. As previously mentioned in (10) , in the vector form one may write
By substituting the collocation points (11) into (12), we get the following system of matrix equations
These equation can be written in a single and compact representation as follows
By taking the fractional derivative of order v from the both sides of (12), we get
The calculation of D (v) B N (t) can be easily obtained via the property (5) and (6) as follows
To obtain a system of matrix equations for the fractional derivative, we insert the collocation points (11) into (14) to get
which can be written in the matrix form
To continue, we approximate the nonlinear term Y 2 (t). By substituting the collocation points into 2 ( ) N Y t we arrive at the following matrix representation
Moreover, the matrix Y ∧ can be written as a product of three block diagonal matrices as
Similarly, by inserting the collocation points (11) into the Y 3 (t) we arrive at the following matrix representation
where Y ∧ is defined in (17) . Now, we are able to compute the Chebyshev solutions of (3). The collocation procedure is based on calculating these polynomial coefficients by means of collocation points defined in (11) . To proceed, inserting the collocation points into the fractional diffierential equation to get the system
In the matrix form we may write the above equations as
where the coefficient matrices C i , i = 0, 1, 2 of size (N + 1) × (N + 1) and the vector C 3 of size (N + 1) × 1 have the following forms
By substituting the relations (13), (15) , and (16), (18) into (19), the fundamental matrix equation is obtained
Obviously, (20) is a nonlinear matrix equation with a n , n = 0, 1, . . . , N, being the unknowns Chelyshev coefficients. To take into account the initial condition Y (0) = γ 0 , we tend t → 0 in (12) to get the following matrix representation
Analogously, to hold the initial condition Y'(0) = γ 1 , we differentiate (12) with respect to the variable t to get
On the other hand, it is not a difficult task to show that the relationship between B N (t) and its derivative is
Consequently, by tending t → 0 in (21) we obtain
Now, by replacing two rows of the augmented matrix [W;C 3 ] by the row matrices 0 0
[ ; ] Y ∼ γ and 1 1 [ ; ] Y ∼ γ , we arrive at the
For convenience, the first and last rows are replaced. Thus, the unknown Chebyshev coefficients in (12) will be calculated via solving this nonlinear system of equations.This task can be performed using for instance the Newton's iterative method.
Error function
Since the exact solutions of the fractional Painlevé differential equations are not known is general, we require to measure the accuracy of the proposed collocation scheme. Due to the fact that the truncated Chebyshev series (8) are approximate solution of (3), we expect that the residual obtained by inserting the computed approximated solutions Y N (t) into the differential equation becomes approximately small. This implies that for t = t s ∈ [0, R], s = 0, 1, . . .
and E N (t s ) ≤ 10 -k s (k s is positive integer). If max 10 -k s ≤ 10 -k (k positive integer) is prescribed, then the truncation limit N is increased until the difference E N (t s ) at each of the points becomes smaller than the prescribed 10 -k , see [4, 27] . Here, we note that the νth-order fractional derivative of the approximate solution (23) is computed by using the properties (5) - (6) . As the error function is clearly zero at the collocation points (11), we expect that E N (t) tend to zero as N increased.
Quasi-linearization technique
Clearly, solving the nonlinear system (22) using iterative procedures like Newton's methods is very time-consuming and even sometimes is inefficient when N is getting large. To overcome this difficulty we may first convert the original equation (3) into a sequence of linear equations and then apply the aforementioned Chebyshev collocation scheme through an iterative process. For this purpose, we describe briefly the quasilinearization method (QLM) as a generalized Newton-Raphson scheme for functional equations, see [17, 24, 19] .
Let us consider the general form of nonlinear differential equation (3),
with the initial conditions Y(0) = γ 0 , Y'(0) = γ 1 . Here ƒ is a function of Y(t). To start computation, we need to choose an initial approximation of the function Y(t). Assuming that Y 0 (t) = γ 0 as an initial guess, the QLM iteration for (24) is determined as follows [24] 
with the same initial conditions Y r+1 (0) = γ 0 , Y' r+1 (0)= γ 1 and r = 0, 1, . . . and the function ƒ Y = ∂ƒ/∂Y denotes the functional derivative of ƒ(t,Y(t)). By applying the QLM technique on the first and second Painlevé equations (1)-(2) we get respectively
with the corresponding initial conditions. Therefore, instead of applying the Chebyshev collocation scheme directly to Painlevé equations we solve a sequence of linear equations by the collocation method, which is referred to as the Chebyshe-QLM.
Numerical Applications
In this section we illustrate the accuracy and effectiveness of the proposed Chebyshev collocation and Chebyshe-QLM methods numerically when applied to the first and second Painlev′e equations. Comparisons with existing numerical schemes are also made to solve these equations.
The first Painlevé equation
To start, we take v =2 and μ 1 =1 in (1) and set N = 8 as the number of basis functions. In this case, the initial conditions are given as γ 0 = 0 and γ 1 =1 . The approximate solutions Y 8 (t) of this model problem using Chebyshev basis functions in the interval 0 ≤ t ≤ 1 are obtained as follows We plot the above approximations in Fig. 1 . We further visualize the numerical solution after r = 20 iterations. The comparison show that using a higher number of iterations in Chebyshev-QLM does not necessarily improve the quality approximations significantly. In the next experiment, we utilize various number of basis functions N = 10, and N = 15. A comparison between numerical solutions obtained via Chebyshev collocation and its variant Chebyshev-QLM using ν = 2 are reported in Table 1 . The estimated errors calculated via (23) related to the results shown in Table 1 , i.e., N = 10, 15 and also N = 5, 20 are depicted in Fig. 2 . It can be clearly seen from Fig. 2 that the errors are exponentially decreased while N is increased. Note that we only considered here the Chebyshev-QLM as the efficient version of Chebyshev collocation scheme. To further show the advantage of the Chebyshev-QLM proposed in this paper and validate our results, we now present comparison experiments for the first Painlevé equation at various t in [0, 1]. For comparison, the following numerical methods are used. Theses include varational iteration method (VIM) [12] , homotopy perturbation method (HPM) [12] , homotopy analysis method (HAM) [12] , particle swarm optimization algorithm (PSOA) [21] , neural networks algorithm (NNA) [22] , and reproducing kernel algorithm (RKA) [3] . The numerical results obtained by (23) while using N = 15 and N = 20 are shown in Table 2 . Now, we turn to the fractional order case and see its impact on the numerical solutions as well errors. We fix N = 15 and set ν = 17/10. The approximate solutions Y N (t) obtained via the Chebyshev as well as Chebyshev-QLM for the model problem (1) are respectively as Y 15 (t) = 398.145987794885 t 15 -2602.61360067137 t 14 + 7690.06850481191 t 13 -13541.7460708438 t 12 + 15799.4426992446 t 11 -12851.8879326914 t 10 + 7474.55821939334 t 9 -3137.87669789055 t 8 + 949.99018787205 t 7 -204.772868308747 t 6 + 31.0812727192556 t 5 -2.6142642158395 t 4 + 0.680283786274891 t 3 + 0.00401406232082111 t 2 + 1.0 t + 8.168510458 × 10 -17 , Looking at the above approximations reveals that the coefficients of two polynomials are in excellent agreements. The next plot, i.e., Fig. 3 (left picture) also confirms that Y 8 (t) and Y 8,5 (t) are very close together and indistinguishable. The corresponding errors obtain by means of (23) is also depicted on the same figure, right picture. In Table 3 , we report the numerical values of Y 11,5 (t) correspond to N = 11 obtained by the Chebyshev-QLM using various fractional orders ν =17/10, 18/10, 19/10 at some points t ∈ [0, 1].
The second Painlevé equation
In the second experiment for the model (2), we have the initial conditions as γ 0 = 1 while γ 1 = 0. Also we set the parameter µ 2 equals to 2. Since the Chebyshev collocation scheme does not produces satisfactory results for the second equation, we only consider the Chebyshev-QLM for (2) . Contrary to the first Painlevé equation, in this case also we need a higher number of basis functions to get reasonable solutions. Let us consider the approximate solutions In the next experiments, we fix ν = 2 and use r = 5 iterations. We employ different number of basis functions N = 20, 25, 30,35 as well as various values for the parameter µ2 = 0, 1, 2. Table 4 demonstrates the numerical solutions obtained via Chebyshev-QLM at some points t ∈ [0, 1]. The corresponding error functions computed by (23) are visualized in Fig. 4 . To validate the results shown in Table 4 , we report the numerical solutions obtained by the well-known computational procedures when both ν and µ 2 equal to 2. We compare or results with methods such as RKA [3] , Adomian decomposition method (ADM) and HPM [7] , sinc-collocation method (SCM) and VIM [23] in Table 5 . Finally, to see the impact of using fractional values of ν, we fix N = 15 and µ 2 = 2 in the next simulation. In Table. 6 we use the values of ν = 17/10, 19/10 and compute the numerical solutions at some points in [0, 1]. We compare the computed solutions in this table with RKA [3] . 
Conclusions
In this paper, a collocation approach based on the well-known (shifted) Chebyshev polynomials is developed for numerical solutions of fractional-order Painlevé differential equations arising in several areas of mathematics as well as physics. Using the Chebyshev basis functions with together the spectral collocation points one converts the differential equations into an algebraic system of nonlinear equations. To get ride of the nonlinearlty, a quasi-linearization approach (called Chebyshev-QLM) is also developed to solve the initial-value problems effciently. Numerical simulations are performed to illustrate the effciency and accuracy of the proposed methods and the performance of these two approaches has assessed for the first Painlevé equation. Moreover, a comparison between them and other well-established numerical procedures is made when applied to the first and second Painlevé model problems. Furthermore, the reliability of the proposed techniques is checked through defining the residual error functions.
Looking at tables and figures one can infer that the proposed (linearized) scheme is an easy to implement procedure for obtaining the approximate solutions of Painlevé differential equations. From comparisons, it is observed that this method (in particular when applied to the first equation) achieved a comparable or even better accuracy than numerical results of other existing well-known numerical methods.
